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Exercise 1.4.1. Consider a matrix A € R3*3 and a vector x = (1,2,3) €
IR3. Let
1 2 3
A=1[0 1 4
5 6 0
Compute Ax using both interpretations of matrix-vector multiplication: (i)
by taking inner products of rows with x , and (ii) as a linear combination of
the columns of A.

Motrix Muitiplication : 1.1.1  Matrix-Vector Multiplication Ax
- nem ; —
A B . '_f_ A€ IR | Let x € R™ be a vector, with x = (x1,...,x), and let A € R"*™ be
—_— a matrix. Recall that the matrix-vector product Ax is defined by the
B € IR rule:
m
nrk Ax): = A:x:
- (Ax) Z Xj,
ABe R =
n*@ which states that the i-th entry of the vector Ax € R" is the inner
/4 u - l-‘f A € IR : product of the i-th row of A with the vector x.
U e g mx1 An important alternative interpretation of Ax is that it is a lin-
= / ear combination of the columns of A with coefficients given by the
=) Au € ’&"" entries of x:
Ax = xja;+ -+ Xy, (1.1)
where a; € R™ denotes the j-th column of A.

|42¢2t 473 14
Ax = (a I 4 = o #rcataxs] T [ 14

5 § 0

) /
/4?(': (0 Q2 a-)) 2 - a f 2a&+3a‘3 = 4
3 5



Exercise 1.4.2. Let x = (1,2,3) € R3andy = (4,5,6) € R3. Compute
the matrix xy ' . Arque why this matrix has rank one. Compute tr(xy ")
and x"y. Is it a coincidence that these two numbers are equal?

A rank-one matrix is formed by the outer product of two vectors.
Specifically, if x € R" and y € R", the outer product xy | € R"™™ is
defined as:

A:xyT with A,-j:xiyj foralli=1,..., nj=1,...,m

The resulting matrix has rank? at most one because all rows (or
columns) of the matrix are scalar multiples of each other.
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Exercise 1.4.9. Let A € S? be the matrix

< mme-f'r)\c_.
A 3 2 e v
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Compute the eigenvalues and eigenvectors of A by solving the characteristic
equation and verify the spectral theorem by expressing A as A = UAU ',
where U is an orthogonal matrix of eigenvectors and A is the diagonal
matrix of eigenvalues.
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Exercise 1.4.22. Show that if Y = aX + b then corr(X,Y) = £1.
H
CDV (X, r) o # 0.

[ Vortx)* [Varcy),

corr (X 7’) =

Cad(X/T) = Cov (X, ax','Ab) = CoviX,aX) = g Cov (X x)
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Exercise 2.7.3. Consider two random vectors X ~ Ny (ux,Xx) andY ~
Ny (py, Zy). Show that if X and Y are independent, the joint distribution
of (X,Y) is multivariate normal with mean (ux, uy) and block diagonal

covariance matrix.

Thus, for X = u + »1/27 we get:

Px(t) = Eeit' H22Z) _ it upi(E0)TZ _ eitTp¢Z(21/2t) — it n- thZt
- (2:3)

which gives the formula for the characteristic function of the multi-

variate normal distribution for general y and X.
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Exercise 2.7.6. Let X ~ Ny, ( w2 ¥). Use the spectral decomposztzon of X to

transform X into independent standard normal variables. T
I= UAU
By Proposition 2.1.1, if Z ~ N (0, I;) then y + 21/2Z ~ Ny, (4, Z). In /W,,-ﬁue - deﬁn»lfe .
this section, we generalize this result. More generally, for any matrix
A € RP*"™and vector b € RP, if X ~ Ny (u,X), then the linear /\ pXi
. o , = A
transformation AX + b is distributed as: conelisron, ( > )
AX+b ~ Ny(Ap+b,AZAT). (2.4) Am
A, Ar-= Ao 20,
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