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Modelling non-Gaussian distributions

Gaussian distribution has many properties that makes it very appealing.

It does however has some limitations:
» Problem with multimodal populations.
» Problem with asymetric distributions.

» Not suitable for modelling processes with extreme events.
Goal: Retain some of the advantages of the Gaussian removing some of its limitations.

We focus on three approaches:
» spherical and elliptical distributions
» copula modelling

» Gaussian mixtures
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Elliptical distributions



Why Study Elliptical Distributions?

» Generalize the multivariate normal distribution.

> Model data with heavy tails or outliers.
> higher probability of extreme events

» Maintain symmetry and linear correlation structures.

» Applications in finance, insurance, and environmental studies.



Spherical Distributions

Orthogonal Matrices: O(m) = {U € R™™: UTU = I,,}.
Spherical distribution
A random vector X € R™ has a spherical distribution if for any U € O(m):

|a

X = UX.

Example: X ~ N,,(0, /,,) or more generally X ~ Npy,(0,02/,,).
Density generator and dependence on the norm

Characteristic function satisfies: ¥x(t) = ux(t) = ¥x(U't) and so equivalently
1x(t) depends only on ||t||. The same applies to the density:

fx(x) = h(||x|]) for some h (generator).



Examples of Spherical Distributions

The case X ~ Ny,(0,02%1,) has a simple generalization.

Spherical scale mixture of normals

If Z ~ Nn(0, /) and a random variable 7 > 0 is independent of Z, then:

1
X=—Z7
N
has a spherical distribution.
Indeed: Let U € O(m), then
1 d 1
UX = —=UZ = ——=Z = X.
VT VT



Moment Structure of Spherical Distributions

Spherical symmetry implies:

e u = E[X] =0,
Y = var(X) = cly, for some ¢ > 0.

Indeed: Let ¥ = UAUT be the spectral decomposition.
> ¥ = var(X) = var(VX) = Vvar(X)V' = VUAUT VT for any V € O(m).
» take V = U to show that ¥ must be diagonal, X = A.

> take V to be all the permutation matrices to conclude that A = c/,,.



X

Independence of || X|| and TXT

Key Property
If X is spherical, the norm || X|| = VX T X is independent of the direction TxXT-

Proof Sketch: Let U € O(m). Then:

X 4 UX U X
X[ x| X1
The vector Hig—ll is rotationally invariant = has uniform distribution on the unit sphere

(independent of what ||.X]| is).

A formal proof uses polar coordinates, see the notes.



Elliptical Distribution E(u, X)

Recall that Z ~ Np(0pm, ) then X = p+ Y27 ~ Np(p, ).
Elliptical distribution
A random vector X € R™ has an elliptical distribution E(u, X) if:

X=pu+3x227
where Z is a spherical random vector.
The density of X ~ E(u,X) is of the form
fx(x) = cmVdetT-1h((x — ) "7 (x — p)).

The generator h controls the shape of the distribution (and its tails in particular).



Covariance and Correlation in Elliptical Distributions

> is called the scale matrix. It is generally not equal to the covariance matrix.

Var(X) =cX, c¢>0.
Correlation structure is still governed by ¥:
L CZ,'J' _ Z,’j

Similarly, if X ~ E(u,X) and X = (Xa, Xg) then

R

E(XalXp = xg) = E(Xa) — Ta Y5 5(x8 — 1i8)

exactly as in the Gaussian case.



Again: Why Elliptical Distributions?

» Generalize the multivariate normal distribution.
> Model data with heavy tails or outliers.
» Maintain symmetry and linear correlation structures.

» Applications in finance, insurance, and environmental studies.



Scale Mixtures of Normals (particularly tractable subclass)

Scale mixture of normals is a special class of elliptical distributions.

Stochastic representation:

1
X = = yl2z
et ,

where Z ~ Np,(0, I,) and 7 > 0 is independent of Z.

Special Cases of Scale Mixture of Normals

» 7 = 1: Multivariate normal.
> 7~ %X,z(: Multivariate t-distribution with k degrees of freedom.
» Smaller kK means heavier tails. Gaussian is the limit k — oco.

> 7 ~ Exp(1): Multivariate Laplace.



Its about the tails (say m = 10)

For scale mixture of normals:
2
Y= X —ulls
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Some tails are much heavier than Gaussian.

In the plot above we study Y = || X — u||Z for X: normal, multivariate t, Laplace.

Case P(Y >75) P(Y >500) P(Y >1000) P(Y > 10000)

Gaussian 0.000 0.000 0.000 0.000
t100 0.000 0.000 0.000 0.000
to0 0.000 0.000 0.000 0.000
ts 0.019 0.000 0.000 0.000
Laplace 0.124 0.020 0.010 0.001
t 0.277 0.109 0.077 0.024

Table: Proportion of Samples Exceeding Thresholds



Simple illustration
In the notes we provide an example of four stocks: Apple, Microsoft, Google, Amazon.

Compare the empirical distribution of the Mahalanobis distance with x3 (Gaussian).

Empirical Density
Empirical density seems to be more concentrated

Chi-squared Density around zero.

But it has much heavier tails.
> P(x3 > 20) ~ 0.
> P(Y > 20) ~0.03

0 25 50 75
Mahalanobis Distance

This may be much more dramatic for smaller companies.



Copula models



Cumulative Distribution Function (CDF)

Let X = (Xi,...,Xn) be a random vector. Its CDF is:
F(xt,..oyxm) =P(X1 < x1, X2 < x2y. .., Xip < Xim)-

Marginal CDF: Fi(x1) = P(X1 < x1) = limy,—y00 - - - limy,, 00 F(X1, X2, - . ., Xm).
(similar for any other margin)

If f is the corresponding density of X, then:

6m
f(X]_,...,Xm) = P)

mF(X]_,...’Xm)

X1 S
F(xi,...,Xm) = / / f(y1s- s Ym)dyr -« - dym.

If U~ U[0,1] then F(u) = u for all u € [0, 1].



What is a Copula?

» A copula is a function that captures the dependence structure between random
variables, separate from their marginal distributions.

Definition
A function C : [0,1]" — [0,1] is a copula if it is a CDF with uniform marginals, that
is, Ci(u1) = v1, ..., Cn(um) = um, where C; are the marginal CDF's.

For example, the copula C(u) = vy - - - up, corresponds to a m independent U[0, 1].

Why use copulas?

» To model non-Gaussian dependencies.
» To analyze dependence independently of marginal behaviors.



Sklar's Theorem

Theorem (Sklar, 1959)

Let X = (X1,...,Xm) be a continuous random vector with joint CDF F and
marginals F1,..., F,. There exists a unique copula C such that:

F(x1,...,xm) = C(Fi(x1), ..., Fm(xm))- (1)

Conversely, given marginals Fi,..., F, and a copula C, F in (1) is a CDF of a
multivariate distribution with given margins.

» ( captures dependence structure.

» Fi,..., Fp capture marginal behaviors.



Understanding Sklar's Theorem

If X is continuous with CDF F, then F(X) ~ U(0,1).
Proof: If X is continuous, F is strictly increasing on the support. Hence
P(F(X) < u) =P(X < Fu)) = F(F*(u)) = v
Let X = (X1,...,Xm) with CDF F and margins F;. Define U; := F;(X;).
» The transformed variables U = (U, ..., Un) have uniform marginals.
P(Us <urye.oyUn < um)=: Clu,...,um).
» Also C(u) is given explicitly in terms of F and F;'s:

C(u) =P(F(X1) < uty oy Fn(Xm) < um) = F(FT Y (w1), - Fnt(um))  (2)



Simple Example of a Copula

» Joint CDF;
0 x<0ory<0,
x2y? 0<x,y<1
Fx.y(x,y) = andy
x,y(x,¥) 1 x>1landy >1,

min(x27y2) otherwise.
» Marginal CDFs:
Fx(x)=x*, Fy(y)=y* for0<x,y <L

» Copula:
Clu,v)=uv ifuv<L



Sampling

Fix a copula C(u) and suppose we can sample from it.

Transform the copula sample

Consider a sample u(®), ..., u(" from the copula.

Transform the data to have the right marginals F1,..., Fp:
0= F 1wy foralli=1,....mt=1,...,n
The sample x(1), ... x(" has the right marginals and the right dependence structure.

P(x{) < 5) = P(F(ulY) < 1) = P(ul?) < Fi(s))) = Fi(si).

We will later show how to sample from some popular copula models.



Invariance under Monotone Transformations

Copulas are invariant under monotone transformations.

Consider Y; := fi(X;), where f; are strictly increasing transformations. Then the copula
of X is the same as the copula of Y.

Proof: Let G be the CDF of Y and G; the marginal CDF of Y;
» By (2), equiv. show F(Ffl(ul), oo FoNum)) = G(G{l(ul), oy G um))
> Gi(yi) = P(Yi < yi) = B(fi(X;) < yi) = P(X; < £, (1)) = Fi(f; (v3))-
> Thus, {Y; < G H(u)} = {F(fH(Y3) < ui} = {Fi(X}) < ui} = {X < FH(w)}
and so

G(G Y1), ..., G um)) =P <ﬂ{y, < G,.l(u,-)}>
i=1

= P (ﬂ{X,- < F,.l(u,-)}> = F(Ffl(ul), o Frtum))-
i=1



Density of a Copula

The PDF of a copula C is obtained by differentiating its CDF:

~amC(u)
cu) = Oui---Oupm

Recall C(u) = F(F; Y(t), ..., F*(um)). By chain rule and inverse function theorem:

f(x)
[T fi(xi)

where f is the joint density and f; are marginal densities.

where x; = F;*(u;) for all i

c(u) =

e.g. C(u) = uy--- uny is the CDF of independent U; ~ U(0,1). The density is uniform
on [0,1]™. Given margins f;, we get f(x) = [[; fi(x;).



Gaussian Copula

Gaussian copula is derived from the multivariate normal distribution X ~ Np,(u, X).

By monotone invariance, we can assume EX; = 0, var(X;) =1
» 1 =0, X is a correlation matrix,
» each X; ~ N(0,1).
Let ¢ be the CDF of N(0,1) with PDF ¢. Let f(x; X) be the PDF of N,(0,X).

The density of the Gaussian copula C(u; X)
Using the general formula, we get:

c(u; :M: e —1/2 ex —le g X

where x = (®71(uy),..., 07 (up)).



Sampling from the Gaussian copula C(u; X)

Let ¥ be a correlation matrix.

» Sample zD ... z(" ~ N,(0,X).
» Transform ugt) d(z f )) foralli=1,...,mand t=1,...,n.
» The sample u®, ..., u(” comes from the Gaussian copula.

As described earlier, we can now transform this sample to get arbitrary margins.

The Gaussian copula model can still handle quite general distributions. Yet, it retains
some of the computational advantages of the Gaussian distribution.



Steps to Estimate a Copula: normalize data

Given data x(, ..., x(" start by fixing a copula model (e.g. Gaussian).
We assume the CDF F of the data satisfies F(x) = C(F1(x1), ..., Fm(xm))-

However, the margins F; are not known!
Given a sample x,(.l), . ,x,(.”) of X; we compute the empirical CDF (proxy for F;)
~ 1 <&
Fix) = =Y 1xY <x} ~ PO <x) = Fi(x).
n

t=1

Transform, each row in the data matrix X using the empirical CDFs
u,(-t) = I/-_\,-(xgt)) fori=1,...,m.

The transformed data matrix U contains samples coming from U(0, 1).



Steps to Estimate a Copula: Fit the copula family

Previous slide:  x(t) — u(®) using the empirical CDFs.

In the next step, we fit the data to the given copula family.

Often this is done by maximizing the log-likelihood $"7_, log c(u(®)).
The Gaussian copula case C(u;X)

The goal is to estimate > based on the likelihood.

» Transform the data to standard Gaussian margins: y(t) = d)_l(u,(.t)).

i

» Fit the Gaussian likelihood for N, (0, X) with the sample covariance S, = %YTY.



Steps to Estimate a Copula: Evaluate the fit

As the last step, compare the fitted copula model with the observed data. Check
whether the copula captures the dependence structure accurately.

We can generate samples from the fitted Gaussian copula.



Simulating Realistic Financial Portfolios with Gaussian Copulas

Goal: Use Gaussian copulas to model and generate synthetic financial returns that
preserve real-world dependencies but remain flexible in capturing tail dependencies.
This method is widely used in risk management, portfolio optimization, and even in
synthetic data generation for Al models in finance.

> After fitting a copula model simulate synthetic data from it.
. . .. . o1 i
» Apply the inverse transformations to get to the original scale: X" = F*(U?'™)

This creates synthetic but realistic asset returns that match observed dependencies!
Applications:
» Stress Testing & Risk Management

» Portfolio Optimization
» Synthetic Data for Al Models



Gaussian mixtures



Mixture of Gaussians

We combine simple models into a complex model by taking a mixture of K
multivariate Gaussian densities of the form:

K
p(x) = > TiNm(x|pe, L) for x € R™,
k=1

where m, > 0, Zszl Tk = 1, and Np(x|pk, k) is the m-dim Gaussian density.

» Each Gaussian component has its own mean vector ji, and covariance matrix 2.

> The parameters 7y are called the mixing coefficients.
Example:

» K = 3 (three Gaussian components)

» m =1 (univariate Gaussians)




The crabs from Naples bay

In 1892, scientists collected data on populations of the
crab and observed that the ratio of forehead width to the
body length actually showed a highly skewed distribution.

Source: On Certain Correlated Variations in Carcinus maenas
(1893) W. F. Weldon.

They wondered whether this distribution could be the result of the population being a
mix of two different normal distributions (two sub-species).

In 1894, Karl Pearson proposed a method to fit this model (read here), whose modern
version is the “method of moments”. The method involved solving a higher order
polynomial.


https://archive.org/details/philtrans02543681

Mixture of Gaussians: 2D example

Illustration of a mixture of three Gaussians in 2D.

0.5

(a) Contours of constant density of each of the mixture components, along with the
mixing coefficients.

(b) Contours of marginal density p(x) = Zle T N (X 15 X i)
(c) A surface plot of the distribution p(x).



Why Use Gaussian Mixtures?

Gaussian Mixture Models (GMMs) are widely used because of their:
> Flexibility: Ability to model complex data distributions.
» Multimodality: Handles datasets with multiple clusters or modes.

> Interpretability: Each Gaussian component represents a sub-population with
interpretable parameters.

» Clustering Applications: GMMs are a natural probabilistic method for clustering.

Special Case: For simplicity, in clustering, we often assume ¥, = X for all k.



Mixture of Gaussians as a latent variable model

Recall: p(x) = Y5y i Nom(x| i, Zi)-

» Consider a latent variable z with K states z € {1,..., K}.

» The distribution of z given by the mixing coefficients:
p(z = k) = m.
» Specify the conditional as p(x|z = k) = Npm(x|uk, Xk) with joint:

plx.z= k) = p(z = K)p(xlz = k) = mcNim(x|pii ).

K K

p(x) = p(x,z=k) = Y miNm(X| i, Ts)-

k=1 k=1



Yet another illustration

The conditional probabilities p(z|x) are called responsibilities.

Consider 500 points drawn from a mixture of three Gaussians.

0.5

0
0 0.5 1 0 0.5 1 0 0.5 1
Samples from the joint Samples from the marginal Same samples where colors
distribution p(x,z). distribution p(x). represent the value of

responsibilities.



The Likelihood function

Parameters: = (7T1, S ,7TK), Mn = (,ul, R ,IU,K), 2 = (Zl, - ,ZK).
Recall: p(x|m, pt, Z) = 31y 7 Nim (x|, T )

> Represent the dataset {x(1), ... x("} as X € R"™™,
» The latent variable is represented by a vector z € R".
» The log-likelihood takes the form

n K
log p(X|7T, K, z) = Z log (Z WkNm(X(n)Luk’ Zk))
i=1 k=1



Maximum Likelihood ()

Recall: log p(X|m, p, X) = >"7 ; log (Z,’le i N (x| Zk)).
» Differentiating wrt 11, and setting to zero gives:

TN g, Z) <4 (i) - (i) (i)
0 = E YN — k) = g p(z\) = k|xU -
E N (x|, Z)) o ! k) P ( | ) x k)

= (ZP (0 = K xD)xt) — ukz 20 = k\X“)) :
» Equivalently (as X is positive definite)
_ S p(z = k|X(i)) i _ _ i
Mk = ;N—kx(), Nk—Zp(Z—k|X())

» Simple interpretation: the MLE given by the weighted mean of the data weighted
by the posterior p(z = k|x()).



Maximum Likelihood (X, 7r)

Recall: log p(X|m, i, ) = Y7 log (21 micNim(xD 114, Ti) ).
» Differentiating wrt ¥ and setting to zero gives:

Y, — ZLHX()( D ) (D = )T

i=1

> Again data points weighted by posterior probabilities.

» Finally, for the weights 7, the MLE is



Motivating the EM algorithm

» The MLE does not have a closed form solution.

> The estimates depend on the posterior probabilities p(z = k|x(7)), which
themselves depend on those parameters.

» Indeed, recall that

7 N (XD e, i)
S 7 N (x| 1, )

plz = kix() =

» Iterative solution (EM algorithm):

» Initialize the parameters to some values.
E-step Update the posteriors p(z = k|x()).
M-step Update model parameters 7, u, X.

» Repeat.



EM algorithm for Gaussian mixtures

> Initialize 7, p, .
» E-step: foreach k=1,...,K and i =1,...,n compute the posterior probabilities

TN (XD | e, )
S 7N (x| 17, )

» M-step: Re-estimate model parameters

new = Pz = kX)) (7
Ik :ZTX ; Ne =" p(z = k|x7D),
i—1 ,

p(z = kx1) =

new En : p(z = k X(i) i new i new
zk = ( Nk| )(X()iluk )(X()iluk )Tv
i=1

new_%
k _N

> Evaluate the log-likelihood and check for convergence.



Visualization of EM Algorithm
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The General EM algorithm

Consider a general setting with latent variables.
» Observed dataset X € R"*™, latent variables Z € R"*P.
Maximize the log-likelihood log p(X|0) = log (>~ p(X, Z|0)).
> Initialize parameters §°!9,
> E-step: use 6°!9 to compute the posterior p(Z|X, 6°'4).
> M-step: 6"V = arg maxg Q(6, 0°'?), where

QO 67%) = > p(ZIX, 07" log p(X, Z|6) = E(log p(X, Z|6)|X,6)
V4

which is tractable in many applications.

> Replace §°'9 < 9§V Repeat until convergence.



Example: Gaussian mixture

» |f z was observed, the MLE would be trivial

n

log p(X, Z|0) = Zlogp 20]9) = ZZ]I(Z()—)Iog(ﬂ'kN( W,zk)).

i=1 k=1

For the E-step: p(Z|X,0) = [[7_, p(z)|X,6) we have

Tk Nim (x i)|Mk7Zk)
S 7 N (O 117, )

For the M-step: E(1(z() = k)| X, 6°'4) = p(z() = k| X, 6°'!) and so

p(z2") = k|X,0) = p(z1) = k|x,0) =

n K
E(Iog p(X, zm‘x, aold) = 373 p(z!) = KIX,6°%) log (ﬂkN(X(i)|/1,k, zk)) .
i=1 k=1

Maximizing gives the formulas on Slide 43.



