Week 3: Tutorial

The intuition for how the Hammersley-Clifford theorem
works

The goal of this short section is to give an intuition behind the Hammersley-Clifford theorem by
explicitly showing that it holds for a particular example. Consider a simple chain X — Y — Z.
The corresponding graphical model is given by all distributions that factorize

(*)  f(=,y,2) = a(z,y)B(y, 2)-

We want to show that this is equivalent to X | Z|Y as long as «(z,y) > 0 and S(y, z) > 0 for all

z,Yy,z.

We will use the characterization that X | Z|Y if and only if f(z|y, z) = f(z|y) does not depend on

Z.

We first show that the conditional independence X | Z|Y implies the particular factorization in
(*). Note that

f(CE, Y, z) = f(y7 z)f(:r:|y, z) = f($|y)f(y7 z)‘

So the factorization in (x) works with a(z,y) = f(z|y) and B(y, z) = f(y, 2).

Now we will show that the factorization in (x) implies conditional independence. Indeed, note
that (x) implies that

f(y, z) = (Z a(m, y))ﬂ(% Z)

x

and so
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which does not depend on z proving the conditional independence.

Gaussian log-likelihood

Suppose we observe some i.i.d. data x1., = {x1,...,x,} from the m-variate Gaussian
distribution N, (u, ). The density is

Fx %) = (det 2) "2 exp{— 5 (x — p) "7} (x — w)}-

(27T)m/2



It is convenient to equivalently express this density in terms of K = ¥

1
(27T)m/2

fxp, K) = (det(K))"? exp{—§ (x — p) " K (x — p)},

after taking logarithms it becomes
m 1 1 T
log f(x; u, K) = —710g(27r) t ElogdetK - E(x —p) K(x—p).

Up to the obvious constants that do not depend on p and K, the log-likelihood is
n n 1 n
14 K) = 1 su, K) = t —logdet(K) — — C— ) TK(x; — p).
n(1t; K) ; og f(x;; i, K) = (const) + - logdet(K) — - ;(xz ) K (x; — p)

Irrespective of the value of K, the optimal i satisfies

This is because the gradient of V¢, is

1 & n
Vuln(p, K) = —52 (2Kp—2Kx;) = —nKp+ K> xi = nK(%, — p).
- :

1 i=1

Since K is invertible, this can be zero if and only if u = x,,.
We can thus consider the profile likelihood
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Ln(Xn, K) = (const) + %log det(K) —

Note that

where S, is the sample covariance matrix. Note that x,, and S,, form the sufficient statistics for
the Gaussian model. With this new notation

00 (%n, K) = (const) + %(log det(K) — tr(KSh)).

Some useful facts:



log det(K) is a strictly concave function of K.

tr(KSy) is linear in K.

The gradients are Vg logdet(K) = K ! = ¥ and Vgtr(KS,) = Sh.
The MLE is & = S, (this is where the gradient vanishes).

MRFs as exponential families

Consider a simple undirected graph X; — X» — X3 where each variable is binary. Consider the
following graphical model

1
p(z1,x2,23/0) = md}lz(wla$2’91,2)¢2,3(x2,5173‘92,3)

or equivalently
p(zq, 9, 23|0) = exp { log 91 2(1, 22|6012) + log g 5(x2, £3]093) — log Z(G)}

The vector (z1, z2) takes four values (0,0), (0,1), (1,0),(1,1). Take
(

(

9172 =

(

(

and let ¢ »(z1, z2) be the function that satisfies
¢1,2(0a O) =

’ ¢1,2(0a 1) = ’ ¢1,2(170) =

o O O =
o O = O
= o o O

With these definitions IOg 1/)1,2($1, $2|01,2) = 0£2¢1,2(a}1, .%'2). We define 9273 and ¢2,3($2, .%'3) ina
similar way obtaining that

p(z1, 22, 23/0) = exp {912451,2(5317302)+92T,3¢2,3($2,$3) —logZ(9)}a

which forms an exponential family with sufficient statistics

(121 ~22) (1= 22)(1 ~ o)
B (1—z1)z, Lo za) — (1 —zp)zs
b12(x1,T2) = 21(1 — 2) ; ¢2,3(z2,3) = 23(1 — x3)

and with Z(6) = 1.



As a side comment we note that this exponential family is not minimal in the sense that the
values of @1 2(z1,z2) and ¢2 3(x2, z3) lie in a hyperplane in the sense that

1
1

¢1,2(x1, $2)T 1 =1 for all (xl, :E2) S {0, 1}2.
1

Non-minimal exponential families do not satisfy the gradient equation VA(8) = E,T(X) --
indeed, here A(6) = 0. An easy solution is to get rid of the first coordinate in ¢; 5(z;, 22) and
replace it with the corresponding functions of the remaining entries of ¢; (1, z3). This defines
new natural parameters

log ¢1,2(07 1) - log "/}1,2 (O’ 0) 10g "/}2,3 (07 1) - log ¢2,3(0a 0)
612 = |[logyy5(1,0) —logvy5(0,0) ], o3 = |logvy3(1,0) — logsy3(0,0)
log ¢1,2(17 1) - log ¢1,2 (Oa 0) log ¢2,3(1a 1) - lOg "/)2,3(()’ 0)

and new sufficient statistics

(1 — :El).’)?Q (1 — wz)iBg
$12(21, ) = [21(1 — z2) |, Pa3(T2, 23) = |T2(1 — z3)
r1T2 23

Moreover,

A(f) = logv12(0,0)23(0,0),

which should be now be explicitly expressed in terms of 6, , and 0, ;.

Simple variable elimination example

Consider the following DAG



Suppose that we observe the variable X¢ = Z¢. What is p(X1|Z¢)?

The corresponding DAG model implies the factorization:

p(z1,...,z6) = p(z1)p(z2|z1)p(2s|z1)p(za|22)p(25|23)P(T6| 22, T5)
We have

zr ={z1}, zg = {zs}, zgr = {2, T3, 4,5}

> en P(TF, 2B, TR)
Za:p,pr(xFawEaxR)
p(z1, %) _ p(z1, %)
p(zs) X, p(y1,Ts)

p(zrlzE) =

= p(z1|Z6) =

To compute p(zq, Z¢), we use variable elimination in the order 2,3,4,5
p(z1,Z6) = p(z1) Z Z Z Zp(mz|=’L'1)P(9U3’%)P(%\%)p(%|$3)P(e’i‘6|$2a 5)
=p(z1) ) _p(esz1) Y plasler) Y plzalzz) ) plas|es)p(@s|es, z5)
=p(z1) Y pz2lz1) Y plasler) Y p(ede2)p(Zo|za, s)
= 3 1

Note that p(Zs|z2, z3) does not need to participate in ) .

= p(z1) ZP($2|$1) ZP($3|=’131)27(-’736’$27 T3) Zp($4|$2)

=p(z1) ) _p(es2|z1) ) p(as|e1)p(Zo|e2, x3)
=p(z1) Y p(x2|z1)p(Zs|21, z2)

= p(z1)p(To|z1)



Finally,

p(z1)p(Z6|T1)

>, P(y1)p(Zsly1)

p(z1]Z6) =

Restricted Boltzmann machines

A restricted Boltzmann machine (RBM) is a simple generative stochastic artificial neural
network model. In the language of todays lecture, it is obtained from a special form of the Ising
model with variables (X1,..., X}, Hy, ..., H;) € {—1,1}*1. The underlying graph is the bipartite
graph with all pairs H; — X; connected but with no other edges. Write x = (z4,...,zy),

h = (hy,...,h;). The Ising model is then given by all distributions

k l k l
p(x,h) exp{z o,z + Zﬁjhj + Z ZJ x;hj},
i—1

j=1 i=1 j=1

which we can write it in terms of factors

Yx, H, (zi, hj) = exp{ ;T + B]h + Jijzih;}

so that

1 ko
HH’QZ)X,,H] i, h

1:1 j=1

(Indeed Z ( (6 7% 7] + B]h + J l’ h ) Zf:l o;T; —|— Zé’:l /thj + Zle 221 Jlszh])
The normallzmg constant Z = Z(a, B, J) satisfies

kol
z= 2> > HIvxnh

xe{-1,1}* he{-1,1} i=1 j=

Note that computing Z may be computationally expensive but we will see that many quantities
can be computed without knowing Z. We will need to exploit the structure of the problem.

The corresponding RBM is given as the family of marginal distributions

p(x) = Z p(X, h)'
he{-1,1}

Denote

k
h) = Hin:Hj(xia = exp{ ZOL ml+ﬂjh +ZJ]xth},
i=1

which gives



and note that

1
=7 71(x, h1) o omxh) || DD mlx k)
hle{—l,l} hze{—l,l} hle{—l,l}

We can now easily compute the conditional p(h|x) and this computation does not even require
any knowledge of the normalizing constant Z. For example,

p(x,h) _ % 1o (%))
p(x) LI (r(x,—1) + 7(x,1))

(e wn)

J=1

p(hlx) =

We now argue that the bracketed terms above are equal to the conditional probabilities p(h;|x).
Indeed, for example, for j = 1 we get

l 7i(x, hj T1 X,hl
palx) = Y phix) = ) H<Tj(x,_1()+;(x,l)> _ (x, 1)

ha,. . s hie{—1,1} hay. . hie{—1,1} j=1 71(x, =1) + 71(x, 1)

In particular, we conclude that p(h|x) = ;le(hj|x), which confirms what we know from the

Hammersley-Clifford theorem that all H;'s are mutually independent given the vector X. Further,
note that

k
L [1io1 ¥ij(@i, 1)
i=1 'l/}ij(xia - ) + H =1 %3("% )
exp{+ 3% | uwi + B + X1, Jijwi}
exp{T Yy cizi — B — Soiy Jijwi} + exp{ T 0 cqiwi + B+ iy Jijwi}
exp{B; + X1, Jijz:}
exp{—B; — Yy Jyz:} +exp{B; + X1, Jijzi}

k
=1

with



ey 1

o(y) = eVted 1+e

called the sigmoid function. Thus, to determine the probability of H; = 1 for each H; we simply
first apply the linear function 8 + J "x to x (note that the j-th coordinate is precisely
B + Zle Ji;z ;). Then we apply the activation function o(-) coordinate-wise

p(hy = 1|x)
p(hs = 1[x) = U(ﬂ—i— JTx).
p(hi = 1|x)

(sounds familiar?)

MRF Factor product

Given 3 disjoint sets of variables X,Y’, Z and factors ¢ x y(X,Y), ¥y z(Y, Z) the factor product
is defined as:

Yxy,z(X,Y,Z) = xy (X, Y)Yy z(Y, Z)

Take the example below, where we show ¢4 g(A, B), ¥sc(B, C) and finally,
Ya,80(4,B,C) =ap(A, B)ypc(B,0).



a' [ bt | ¢t | 0505
al | b | ¢ | 0507

a' | b?| ¢ | 0801
a' [b? || 0802
a® | b | ¢ | 0105

a® | b | ¢ | 0.10.7

a2 | b?| ¢! 0-0.1
a® | b?| ¢ 0-0.2
a@|b|c| 0305
a | b | 0307
a® | b?| ¢ | 0901

a® | b? | ¢ | 0902

Recall our running example from lecture:

DA, B,C, D) = —44.5(4, By (B, C)be,p(C: D) (4, D)
where

¢ [A, B] g [B,C| ¢ [C, D] g |D, A

a® b 30 0 0 100 Pl 1 d a® 100

o‘o a® bl 5 0 L 1 A db100 P al 1
al b° 1 bt 0 1 ¢ d® 100 ) 1

& al b 10 bl ¢! 100 cldl 1 d a* 100

From the factor product, we can make queries about the marginal probabilities, e.g.

p(a,o, b0, ¢, dO) x ?/JA,B,C,D(GO, v°, ¢, do)

o« P 4,5(a’, ") c(d°,c®)ven(c,d)pap(a’,d?)
o (30)(100)(1)(100) = 300000



And if we enumerate all marginal probabilities similarly in a table, we get

Assignment Unnormalized | Normalized
a’ | b° |V [ d° 300000 0.04
a | B0 | 0| dt 300000 0.04
a’ | B° | et | d° 300000 0.04
a’ | B |t | dt 30 4.1-107°
a’ | bt | Y| dv 500 6.9.-10°
a’ [t | | dt 500 6.9-107°
a’ | bt | et | df 5000000 0.69
a’ | bt | | dt 500 6.9-107°
at [ | | d 100 1.4-107°
al | 89| Y [ dt 1000000 0.14
at | B° |t | d° 100 1.4-107°
al | 8% | et | &t 100 1.4-10-5
at [t | | d° 10 1.4-107°
al | bt | 0| dt 100000 0.014
al | b1 |t | d° 100000 0.014
al | b |t | dt 100000 0.014

To get the normalized marginal probability, divide by the partition function

Z(@) = Zz HceC "l)c(wcwc)

In order to compute the marginal probability of a single variable in our graph, e.g. p(by),
marginalize over the other variables:

Zp a,b’,c,d)
OCZ¢ABCDG v, ¢, d)
x ZIPAB a,b)¢p o(b°, )"/)CD(C d)¥4,p(a,d)




We can also make queries about the conditional probability. Conditioning on an assignment u to
a subset of variables U can be done by

Eliminating all entries that are inconsistent with the assignment.

Re-normalizing the remaining entries so that they sum to 1.

For example, conditioning on ¢!,

I p(a,b,ct)
p(a,blc’) = W
_ p(a,b, cl)
B Za,bp(a7 b,c)
~ Yaspclab, cl)
C Yas¥apcla,b,cl)
~ Yasla,b)ppe(b )
a Za,b YaB (a7 b)d)B,C(b> Cl)

(Note that the original normalization term cancels out in the numerator and denominator.)

Thus, we take only factors consistent with the assignment ¢! and re-normalize with the marginal
probability of the variable being conditioned on.

a' | b' | ¢ | 0505
a' | b' | ¢ | 0507
at [ b2 | ¢ | 0.801
at | b2 | ¢? | 0.80.2
o |b'[ 05 @ |b|c| 0105
1 2
o [P] o8 bt [c'] 05 @ |b|c| 0107 2 bl | 025
@ [b'| 01 bt |e2| 0.7 T2 o
2| b2| 0 b? [¢!| 01 = i -~ ulll il 0.08
a i a|b2| 2| 002 T T
2 2
a | bl 03 >lc] o2 @ |b|c| 0305 il il s
a® b? 09 03 bl CZ 0.307 az b2 Cl O
b2 ¢ | 0901 a® | b | ¢! 0.15
a® [ b2 | ¢ | 0902 a | b2 | ! 0.09

(Original) (Cond. on ct)

Variable Eliminiation Examples

Example 1:



Take the following factorization:
p(C,D,G,H,1,J,L,S) < ¢(C)¢(C, D)¢(J, L, S)$(S, 1)p(1)p(G, D, I)$(L, G)p(H, G, J)

Let's eliminate the variables according to the ordering < {G, I, S, L, H, C, D}.

=3 > #(C)¢(C, D) DD ¢(J,L,8) > ¢(S,D)é(I))  $(G, D, N)$(L, G)p(H, G, J)
D C H L S I G
+(D,I,LH,J),No=6

=) ) ()¢ 0DZZZ¢JLSZ¢SI (D,I,L,H,J)
D C

J/

T(D7L7H7J7S)7NI:6

=Y ) ¢(C)p(C,D)> D> ¢(J,L,S)r(D,L,H, J,S)
D ¢ H L s B
7(D,L,H.J),Ng=5
=Y ) ¢(C)¢(C,D)> Y (D,L,H,J)
D C H L

J

+(D,H,J),N,—4

Y $(C)$(C,D)>  7(D, H,J)
C H

~—— —
7(D,J),Nz=3

(D, 7)) ¢(C)$(C, D)

I I
o1 =l

I

E\¢
A
S

= 7(J)

This is a variable elimination ordering over m = 8 (initial) factors each with & states.

The sum with the largest number of variables participating has N,,., = 6 so the complexity is
O(8k°)

Note that this is an upper bound.

Example 2:

Let's instead try the Elimination Ordering < {D,C,H, L, S, I, G},



p(7) =Y ) ()Y 6(S,1)Y (L, G)$(J, L, )Y ¢(H,G,J) Y $(C)>  ¢(G,D,1)$(C, D)
G I

S L H C D
) +(G,I,0),Np=4

=3 36D (S, 1)> $(L,A)(J,L,8) Y $(H,G, 1)) $(C)7(G,1,C)

G I S L H C

7(G,I).No=3 ’

=3 Y (DG D) ¢(S, 1)) (L, G)$(J, L, 8)Y  $(H,G,J)

G I S L H

7(G,J),Ng=3

I
2]

(G, J) ) ¢(D)7(G, 1) ¢(S,1)>_ ¢(L,G)¢(J, L, S)
S L

I

7

7(G,J,S),N.=4

(G, )Y ¢(D)r(G,1)>_ ¢(S,1)7(G, J,S)
S

I

I
2]

(. S
-~

(I,G,J),Ns=4

7(G,J)Y_ ¢(I)r(G,D)r(I,G, J)

I

N J/
-~

T(G,J),N1:3

I
a7

=> 7(G,J)r(G,J)
G

-’

~

T(J),NG:2
=7(J)

This is a variable elimination ordering over m = 8 initial factors each with k states.
The sum with the largest number of variables participating has N,,., = 4 so the complexity is

O(8k*)

Optional Reading

Some questions were asked about whether some algorithm exists for finding the optimal
elimination orderings. Although this problem is NP-complete, there are heuristics that can be
used. Some discussion of these can be found in Murphy (section 20.3.2), and Daphne Koller's
MOOC on PGMs.


https://www.coursera.org/lecture/probabilistic-graphical-models-2-inference/finding-elimination-orderings-ckOIz

