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Today's Lecture

e Special graphs: complete, null, path, cycle.

e Degree. Handshaking Lemma. Degree sequence. Average degree.
Degree distribution.

e Isomorphic graphs

e Subgraphs

e Adjacency matrix. Powers of adjacency matrix.

e Variations: Multigraphs, directed graphs, weighted graphs
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Graph

Definition

A graph is a pair G = (V, E) where V = [N] is the set of N nodes (or
vertices) and E C (‘2/) is a set of unordered pairs of distinct vertices,
called edges (or links).

e

V ={1,2,3,4,5,6,7,8,9,10}

We often write {i,j} or simply ij for an edge rather than ;.
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Subgraphs

Definition
H = (V' E’) is a subgraph of G = (V/, E) if all the nodes and edges of
H belong to G; V' C V, E' C E. We write H C G.

Here G and H have the same vertex sets but this is not the case
generally for a subgraph.
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Special Graphs: The Complete Graph Ky

Definition

Graph is complete if every pair of vertices is joined by an edge.

N(N ) edges.

AN

If HC G and H is complete then H is called a clique of G.

A complete graph has (g’) =

In NetworkX:

import networkx as nx — load NetworkX
import matplotlib.pyplot as plt

G = nx.complete_graph(N) - the complete graph with N nodes.

nx.draw(G, with_labels=True, node_color="lightblue", node_size=600)

plt.show().
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Special Graphs: The Null Graph (aka the empty graph)

Definition
Graph is empty if it does not contain any edge, therefore E = ().

The complement G of a graph G = (V, E) has the same set of vertices

and an edge is in G if an only if it is not present in G.

The empty graph is the complement of the complete graph.

In NetworkX:

G = nx.empty_graph(N) - the empty graph with N nodes
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Special Graphs: The Star Graph Sy

Definition

A star graph Sy has one central vertex connected to all other N — 1
vertices, and no other edges. The central node has degree N — 1, while
all other nodes have degree 1.

In NetworkX:
G = nx.star_graph(N) the star graph with N + 1 nodes
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The Path Graph Py

Definition
A Path Graph is a connected graph G = (V, E) whose nodes can be
listed in order (v1,...,vy) and the edges are v;vi;1. The central nodes

have degree 2, the ones in the terminal vertices have degree 1.

Here vi =4, vw =2, w3 =1, vy =3, v = 5.
In NetworkX:

G = nx.path_graph(N) the path graph with N nodes
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Connected components

Definition

G = (V, E) is connected if any two vertices are connected by a path.
Definition

Every graph can be decomposed into its connected components, that is,
maximal subgraph that are connected.

@G (8]
1) (0

9/15



Special Graphs: The Cycle Graph Cy

Definition

A cycle graph Cp is obtained by connecting N vertices in a closed
chain: E = {vivo,vav3,..., Vw_1VN, VN V1 }-

In NetworkX:

G = nx.cycle_graph(N) the path graph with N nodes
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Special Graphs: Bipartite graphs

Definition
A graph G = (V/, E) is bipartite if the set of vertices can be partitioned

into two parts V = V4 U V5, such that all edges have one end in V4 and
one end in V)

e The star Sy
e The full bipartite graph Ky n
e Cycle Cy for even N.
Theorem
G is bipartite if and only G has no odd cycles as subgraphs.
(equiv. no closed walks of odd size)
In NetworkX:
from networkx.algorithms import bipartite

nx.is_bipartite(G) 11/ 15



Appendix: Bipartite if and only if No Odd Cycle — Proof

= Suppose G is bipartite with parts Vi, V,. Every walk alternates
between Vi and V5. Any closed walk therefore has even length
(measured in the number of edges). In particular, no odd cycle can exist.

<= Suppose G has no odd cycle.
Assume without loss of generality that G is connected (see exercise
below). Fix a vertex r and define a partition by parity of distance from r:

Vi = {v: every walk from r to v has odd length},

Vo = {v : every walk from r to v has even length}.

This is well defined: if there were both an even and an odd walk from r
to the same vertex v, concatenating one with the reverse of the other
would produce an odd closed walk (from r to r), which necessarily
contains an odd cycle, contradicting the assumption (see exercise below).



This argument shows that Vi N V5 = (). It remains to show that every
edge must go between V4 and V, (see exercise below). This implies that
G is bipartite.

Exercise 1 How do we adjust the proof if G is not connected?
Exercise 2 Show that any odd closed walk contains an odd cycle.

Exercise 3 Show that, if G has no odd cycles, there can be no edge
within V; constructed above.

Pretty much the same proof is given in Bondy & Murty, Graph Theory
with Applications, Theorem 1.2; see here.


https://www.zib.de/userpage/groetschel/teaching/WS1314/BondyMurtyGTWA.pdf
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Degree

Definition
The degree of a node v € V in an undirected graph, represented by
deg(v), is the number of edges incident to it.
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deg(4) =
deg(5) =
deg(6) =
In NetworkX:
print(G.degree(v))  — print the degree of node v
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Degree sequence

Definition

The degree sequence of a graph is obtained by ordering, in an increasing

way, the degrees of its nodes.

{1,2,3} {1,2,3}
{1,1,2,2,3,3} {1,1,2,2,3,3}

In NetworkX:

deg_seq = sorted([d for n, d in G.degree()])
print(deg_seq_sorted) — print the degree sequence of G
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Degrees
G =(V,E) agraph, N=|V|, L= |E]

e §(G) = min,cy deg(v) minimum degree of G
e A(G) = max,ecy deg(v) maximum degree of G

o deg(G) = 1 >,y deg(v) average degree of G. ([B] uses (k))

Theorem ( Handshaking Lemma)

The sum of the degrees of the vertices of a graph equals twice the
number of edges:

Z deg(v) = 2L.

In particular, the number of vertices of odd degree is always even.
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Appendix: Handshaking Lemma — Proof

For each node, deg(v) gives all edges adjacent to v.

So, each edge ij is counted twice in the expression ) .\ deg(v)

(in deg(i) and in deg())).
This gives the formula

> deg(v) = 2/E|.
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Exercise

Let G = (V, E) be a graph with N = 10 nodes with the following degree
sequence {0,0,1,1,1,2,2,2,3,6}.

a) Find the number of edges without drawing the graph.
b) Find the average degree of the nodes in G.

c) Draw a possible graph that satisfies the conditions.
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